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The paraxial approximation of a classical spinning photon is shown to yield an “exotic particle”
in the plane transverse to the propagation. The previously proposed and observed position shift
between media with different refractive indices is modified when the interface is curved, and there
also appears a novel, momentum [direction] shift. The laws of thin lenses are modified accordingly.
PACS numbers: 42.15.-i, 42.50.Tx, 42.25.Ja , 45.30.+s ,
Fermat’s light is simply a line in space. Real light has
also spin, however. A first consequence is that the propa-
gation in space induces a change of the polarization [1, 2].
More recently, it has been argued that the change of the
polarization should be fed back at the semiclassical dy-
namics of light [3]. Then the most dramatic consequence
is that the outgoing ray is slightly shifted in the trans-
verse direction with respect to the incoming light ray
[3, 4]. This recently observed [5, 6] spin-Hall-type effect
occurs when the interface is a plane; then the proof re-
lies on the symmetries of the geometrical setting, namely
momentum and angular momentum conservation. See,
e.g., [7] for reviews.
In this Letter we point out that at a curved interface
with no particular symmetry, as that of a lens, for exam-
ple, an additional effect arises : the Hall shift is modified
and also the direction of the light ray is deflected due to
the curvature.
We demonstrate our statement by generalizing the
paraxial approximation from scalar to spin optics.
We first consider spinless light rays propagating ap-
proximately along the z axis in the forward direction. In
matrix optics [9, 10] a light ray is labeled by the point
Q where it hits some given reference plane, and by its
direction at that point, given by a vector u. It is more
convenient to use instead the “momentum” P = nu,
where n is the the refractive index, assumed to be lo-
cally constant and discontinuous on the interfaces. The
2-vectorsQ and P label a point in phase space, i.e., label
a light ray in the paraxial approximation.
We choose incoming and outgoing reference planes at
z = zin and z = zout such that our optical device lies be-
tween the two. Light propagation through our device is
described, classically, by a canonical transformation (or
symplectic scattering) between “in” and “out” states [8].
It is hence a classical counterpart of the S-matrix in quan-
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tum mechanics. In the linear (or paraxial) approximation
our optical instrument is characterized therefore by a 4×4
matrix M such that M tJM = J , where J =
(
0 −1
1 0
)
is the canonical symplectic matrix of 4-dimensional phase
space, given by Eq. (9) below. The ingoing and outgoing
rays are hence related by [9, 10](
Qout
Pout
)
=M
(
Qin
Pin
)
. (1)
An optical interface, for example, is given by a refraction
matrix
L =
(
1 0
−P 1
)
, (2)
where the symmetric 2× 2 matrix P is the power of the
device. For a plane interface, for example, P = 0, so M
is the unit matrix. Thus Pout = noutuout = Pin = ninuin
which is the linearized form of Snel’s law of refraction.
The latter is hence incorporated into the formalism.
For a cylindrical-symmetric thin lens P is a scalar de-
termined by the refractive indices, nout and nin of the
lens and the surrounding optical medium, respectively,
and the (signed) curvatures of the lens.
Translations matrices are in turn of the form T =(
1 d
0 1
)
, where the scalar d > 0 represents the opti-
cal length along which light travels freely in the optical
medium of constant refractive index n [9, 10]. The im-
portant result of [10] is that any optical instrument, i.e.,
any element of the symplectic group Sp(4,R) can be de-
composed as a product of matrices of type L and T , the
building blocks of linear optics.
In view of Eq. (1) with M = L, refraction is described
by (
Qout
Pout
)
=
(
Qin
Pin − PQin
)
, (3)
so that Qout = Qin, confirming that spinless light rays
fall on and get out of the lens at the same point. The
equation
Pout = Pin − PQin (4)
2is in turn an expression of the properties of the optical
device, and follows from [the linearized] Snel law of re-
fraction [9, 10].
Likewise, for a translation, i.e., if M = T , we get
Pout = Pin, and Qout = Qin + dPin, which is clearly
the new location of the photon, away, at the distance d.
As first proposed by Souriau [8], semiclassical free spin-
ning photon is described by the 2-form
σ = d(pu · dr)− sΩ , (5)
where p = ~/λ (color), and s = χ~ (spin) are Euclidean
invariants of the model; here λ is the reduced wavelength,
and χ = ±1 the helicity [4, 8]. In Eq. (5), the 3-vector r
is an arbitrary point on the light ray, whose direction is
the unit 3-vector u; also Ω = 1
2
ǫijkui · duj ∧ duk is the
area element of the 2-sphere.
Such a description is clearly redundant, as two vectors
r and r′ represent the same ray whenever r − r′ is pro-
portional to u. A light ray corresponds rather to a null
curve γ of σ, i.e., such that σαβ γ˙
α = 0. In the free case,
these are indeed straight lines, pointing in the direction
of u.
We just mention here that the 2-form σ in (5) is re-
lated to a generalized variational calculus in a suitably
extended space; the first term corresponds to the usual
Fermat term of a “spinless photon” while the second,
“Berry” term, represents the spin [4].
The “gravitational” coupling of our photon to the Fer-
mat metric ds2 = n2(r)(dx2 + dy2 + dz2) yields [4]
Papapetrou-type equations for spinning light rays in an
inhomogeneous isotropic medium characterized by a re-
fractive index n. The latter duly reduce to those of [3] in
the special case of circularly polarized light coupled to a
slowly varying refractive index.
At our (semi-)classical level, the paraxial approxima-
tion amounts to converting the z coordinate into time
by a trick reminding one to taking the non-relativistic
limit [12]. Let us hence introduce ux = vx/c and
uy = vy/c, where c > 0 has the dimension of velocity.
Then uz = 1 − (v
2
x + v
2
y)/2c
2 + · · · , where the ellipses
denote higher-order terms in c−2. Inserting into (5) and
defining m = p/c we find,
σ = m(dvx∧dx+dvy∧dy)−dE∧dt+κ dvx∧dvy+· · · (6)
where t = z/c and E = (m/2)(v2x + v
2
y) − E0 + · · · with
E0 = mc
2 are a time coordinate and non-relativistic en-
ergy, respectively, and where κ = −χ~/c2. In (6) we
recognize the 2-form of the “exotic” planar model con-
structed by Souriau’s method [8], starting with the two-
fold extension of the planar Galilei group [11, 12] : par-
axial approximation converts free spinoptics into “exotic”
classical mechanics in the transverse (x, y)-plane. Ordi-
nary geometrical optics is recovered in the limit ~ = 0.
To describe light in an optical medium it is enough to
replace the color, p = ~/λ, by np according to the Fermat
prescription.
Let us start with the case n = const. Putting t = 0,
in (6), we get a bona fide symplectic 2 form, ω, on the
phase space. After a suitable rescaling, ω → (λ/~)ω,
introducing px = nux, py = nuy, we end up with
ω ≈ dpx ∧ dx+ dpy ∧ dy+ κ dpx ∧ dpy, κ = −
χλ
n2
. (7)
Paraxial approximation of spinoptics is therefore gov-
erned by the twisted (exotic) symplectic form (7); the
Hamiltonian H = E/pc is H ≈ (p2x + p
2
y)/2n− n.
A tedious calculation, performed along the lines of [4],
shows that the preceding formulas for ω and H still hold
for a slowly varying refractive index, n. Below, we shall
only apply our formalism to the case of a constant re-
fractive index, and use symplectic scattering across some
sharp interfaces, where it jumps.
Consistently with Darboux’s theorem, the twisted
symplectic structure (7) can be brought into canonical
form. Put indeed(
Q
P
)
=
(
1 1
2
κJ
0 1
)(
q
p
)
, (8)
where where q = (x, y) and p = (px, py), and ditto for
Q and P . Here, J = (ǫij) is a rotation by 90 degrees
clockwise in the plane. The transformation (8) brings
the symplectic matrix (7) into canonical form,
ω ≈ dPx ∧ dX + dPy ∧ dY. (9)
Now our fundamental assumption is that for paraxial
optics whose symplectic matrix is canonical i.e., for the
coordinates (Q,P ), the previously recorded laws of linear
optics should apply. Then the results should simply be
translated to our physical coordinate system (q,p).
The scattering of light by the (curved) interface be-
tween two regions with refractive indices nin, and nout,
i.e., with power Pin, reads, hence,
(
qout
pout
)
=
(
qin + 12J (κinpin − κoutpout)
pin − Pin (qin + 12κinJpin)
)
. (10)
This entails that the impact location of the ray undergoes
a spin-Hall shift across the interface, viz.,
qout − qin =
1
2
J(κinpin − κoutpout). (11)
From Eq. (10), we deduce, furthermore, the additional
momentum shift ∆p = pout − pin + Pinqin, namely
∆p = − 1
2
κinPinJpin (12)
that yields a modification of (4). But the momentum is
proportional to the direction, p = nu, so this amounts
in fact to deflecting the direction of the outgoing ray.
3As to the position shift, ∆q = qout − qin, it now reads
∆q = 1
2
J ((κin − κout)pin + κoutPinqin) + · · · (13)
up to a term ∼ λ2.
Restricting our considerations to, e.g., cylindrically
symmetric interfaces for which Pin = 1/fin is a scalar
matrix and putting, e.g., pin = (ninθin, 0) where θin ≪ 1
is the angle of incidence, we readily get from Eq. (13)
∆x ∼= −
χλ
2n2out
yin
fin
, (14)
∆y ∼= χλ
[
nout
2 − nin
2
2ninnout2
]
θin +
χλ
2n2
out
xin
fin
, (15)
which, for fin → +∞, reduces to the linearized optical
Hall shift [3, 4], viz.,
∆x = 0, ∆y = χλ
cos θout − cos θin
nin sin θin
. (16)
The extra terms in (14) and (15) arise from curvature,
and disappear for qin = 0. From (12) we infer that ∆p
is perpendicular to the incoming momentum,
∆px = 0, ∆py = −
χλ
2ninfin
θin. (17)
Let us apply our results to the example of a thin
lens. Denoting by Pin, and Pout the powers of the “in”
and “out” interfaces with zin ∼= zout, we readily get
P = Pin + Pout. Then, the preceding formula (10), ap-
plied successively, leads to the following position and mo-
mentum shifts,
∆q ∼= + 1
2
κinJPqin, ∆p = − 12κinPJpin. (18)
In conclusion, our main result is that when polarized
light is refracted by an optical device, the rays suffer,
in addition to the already confirmed optical Hall shift
[5, 6], an extra positional shift due to curvature, as well
as a deflection of their direction. Both effects are of the
order of the wavelength.
The optical Hall shift, (16), is usually derived [3, 4]
from the conservation of the angular momentum, assum-
ing Snel’s law – derived in turn from linear momentum
conservation [4]. Angular momentum is also present for
axially symmetric lenses; it is the translational symmetry
along the interface which is broken.
The momentum effect only arises for optical devices
with non-trivial power, P 6= 0, and vanishes for a planar
interface.
Intuitively, due to the position displacement, the in-
coming ray goes out at a position which is slightly dif-
ferent from where it entered; but this implies a different
incidence angle, since the tangent plane has moved, too.
It is worth mentioning that our effect here is different
from the momentum shift predicted in [13], since the lat-
ter is refraction-related, and is rather reminiscent of the
focal shift studied in [14, 15].
We mention for completeness that for translations, ap-
plied to spinoptics, we merely get qout = qin + dpin, and
pout = pin as expected.
In its common formulation, paraxial optics means con-
verting Maxwell’s equations into the form of a non-
relativistic Schro¨dinger equation with the z coordinate
playing the roˆle of time. In this Letter we use, instead, a
(semi-)classical mechanical model, whose “quantization”
would allow us to recover the Schro¨dinger description.
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